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============

Let *G* be a group. In recent years there has been a considerable amount of study of subsets $\documentclass[12pt]{minimal}
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                \begin{document}$$K\ge 1$$\end{document}$ is some parameter. There is much motivation for the study of such sets already in the literature; rather than adding to it here, we simply point out that work in this area has had many applications in an impressively broad range of fields, and that the surveys \[[@CR12], [@CR19], [@CR20], [@CR29], [@CR37]\] provide more detail on the background to the field and on many of these applications.

It turns out that the study of sets in *G* of bounded doubling essentially reduces to the study of sets called *approximate subgroups* of *G*. A finite set $\documentclass[12pt]{minimal}
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                \begin{document}$$A\subseteq G$$\end{document}$ is said to be a *K-approximate subgroup* of *G* if there exists a set $\documentclass[12pt]{minimal}
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                \begin{document}$$X\subseteq G$$\end{document}$ of size at most *K* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$A^2\subseteq XA$$\end{document}$. The reader may consult \[[@CR41]\] for precise details of the relationship between sets of bounded doubling and approximate groups, although it is certainly clear that a *K*-approximate group has doubling at most *K*.

The definition of an approximate group is not particularly descriptive, and a central aim of approximate group theory is to extract more explicit, algebraic information about the structure of approximate groups. The most general result of this type is due to Breuillard, Green and Tao \[[@CR10]\], which at its simplest level is as follows.

Theorem 1.1 {#FPar1}
-----------

(Breuillard--Green--Tao \[[@CR10], Theorem 2.12\]) Let *G* be a group and suppose that *A* is a *K*-approximate subgroup of *G*. Then there exist subgroups $\documentclass[12pt]{minimal}
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                \begin{document}$$H\subseteq A^{12}$$\end{document}$;*C* / *H* is nilpotent of rank and step at most $\documentclass[12pt]{minimal}
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                \begin{document}$$O_K(1)$$\end{document}$ left cosets of *C*.

By the *rank* of a nilpotent group here we mean the minimum number of elements needed to generate it as a group.

The use of ultrafilters in the proof of Theorem [1.1](#FPar1){ref-type="sec"} makes it ineffective in the sense that no explicit bound is known on the number of left cosets of *C* required to cover *A*. There are, however, a number of results of various authors that give explicit bounds in this theorem if one is prepared to restrict to certain specific classes of group; see, for example, \[[@CR5]--[@CR9], [@CR16], [@CR17], [@CR21], [@CR27], [@CR28], [@CR33]--[@CR35], [@CR40], [@CR43]\]. The main purpose of this paper is to present a short argument giving explicit bounds in Theorem [1.1](#FPar1){ref-type="sec"} in the case that *G* is residually nilpotent, as follows.

Theorem 1.2 {#FPar2}
-----------

Let *G* be a residually nilpotent group and suppose that *A* is a *K*-approximate subgroup of *G*. Then there exist subgroups $\documentclass[12pt]{minimal}
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                \begin{document}$$H\subseteq A^{O_K(1)}$$\end{document}$;*C* / *H* is nilpotent of step at most $\documentclass[12pt]{minimal}
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                \begin{document}$$\exp (K^{O(1)})$$\end{document}$ left cosets of *C*.

Let us emphasise in particular that if *G* is nilpotent then Theorem [1.2](#FPar2){ref-type="sec"} applies with bounds that do not depend on the nilpotency class of *G*.

The proof of Theorem [1.2](#FPar2){ref-type="sec"} is strongly inspired by the so-called nilpotent Freiman dimension lemma of Breuillard, Green and Tao \[[@CR11]\], which is a similar result valid in the less general setting of a residually *torsion-free* nilpotent group.

Remark {#FPar3}
------

It is not known what the optimal bounds should be in Theorems [1.1](#FPar1){ref-type="sec"} and [1.2](#FPar2){ref-type="sec"}, although it would be surprising if Theorem [1.2](#FPar2){ref-type="sec"} could not be improved. Breuillard and the author \[[@CR13], Fact 4.18\] have given an example to show that in Theorem [1.1](#FPar1){ref-type="sec"} one cannot in general cover *A* with fewer than $\documentclass[12pt]{minimal}
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                \begin{document}$$K^{\log \log K}$$\end{document}$ cosets are not in general sufficient.

Remark {#FPar4}
------

In principle, our proof of Theorem [1.2](#FPar2){ref-type="sec"} also gives a bound on the rank of the nilpotent quotient *C* / *H*, at least when *G* is assumed to be nilpotent. However, an earlier result of the author \[[@CR43]\] gives the much better bound $\documentclass[12pt]{minimal}
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                \begin{document}$$\exp (\exp (K^{O(1)}))$$\end{document}$, as we note in Corollary [1.4](#FPar6){ref-type="sec"} below. An explicit bound on the order of the product set of *A* in which *H* is contained could also be computed from our argument, but it is rather poor, being roughly a tower of exponentials of height $\documentclass[12pt]{minimal}
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Remark 1.3 {#FPar5}
----------

Every finitely generated linear group is virtually residually nilpotent \[[@CR44], Corollary 1.7\]; see also \[[@CR32], pp. 376--377\]. One could therefore, in principle, deduce a version of Theorem [1.2](#FPar2){ref-type="sec"} for any given finitely generated subgroup of $\documentclass[12pt]{minimal}
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                \begin{document}$$GL_n(\mathbb K)$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb K$$\end{document}$ an arbitrary field. Care is needed, however. In some cases the consequences are trivial; for example, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {K}$$\end{document}$ is a finite field then the arguments of \[[@CR32], [@CR44]\] exhibit the trivial group as the finite-index residually nilpotent subgroup of $\documentclass[12pt]{minimal}
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                \begin{document}$$GL_n(\mathbb {K})$$\end{document}$. In other cases the consequences are weaker than those given by earlier results; for example, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb K$$\end{document}$ has characteristic zero and *n* is fixed then results of Breuillard--Green--Tao \[[@CR8], [@CR9]\], or of Pyber--Szabó \[[@CR33]\] and Breuillard--Green \[[@CR6]\], imply Theorem [1.2](#FPar2){ref-type="sec"} for $\documentclass[12pt]{minimal}
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                \begin{document}$$G\subseteq GL_n(\mathbb K)$$\end{document}$ but with stronger bounds. Nonetheless, in certain cases Theorem [1.2](#FPar2){ref-type="sec"} does appear to give new information. For example, the kernel of the projection $\documentclass[12pt]{minimal}
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                \begin{document}$$GL_n(\mathbb {Z})\rightarrow GL_n(\mathbb {Z}/p\mathbb {Z})$$\end{document}$ is residually nilpotent (see \[[@CR44], proof of Proposition 1.6\] or \[[@CR32], p. 377\]), and so Theorem [1.2](#FPar2){ref-type="sec"} applies directly to its approximate subgroups, whereas the results of \[[@CR6], [@CR8], [@CR9], [@CR33]\] do not apply if *n* is not *a priori* bounded.

*Coset nilprogressions and a more detailed result* Breuillard, Green and Tao \[[@CR10]\] in fact proved a more detailed result than that given by Theorem [1.1](#FPar1){ref-type="sec"}. In order to state it we first need a definition. Given elements $\documentclass[12pt]{minimal}
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                \begin{document}$$P(x_1,\ldots ,x_r;L_1,\ldots ,L_r)$$\end{document}$ is said to be a *nilprogression* of *rankr* and *steps*. Finally, if *C* is a subgroup of *G* and *H* is a normal subgroup of *C*, and *Q* is a nilprogression of rank *r* and step *s* in *C* / *H*, then the set *QH* is said to be a *coset nilprogression* of rank *r* and step *s* in *G*.

A more precise version of Theorem [1.1](#FPar1){ref-type="sec"} then states that if *G* is an arbitrary group, and *A* is a *K*-approximate subgroup of *G*, then *A* can be covered by $\documentclass[12pt]{minimal}
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The author \[[@CR43]\] has given an effective version of this more detailed result valid in the case that *G* is a nilpotent group of bounded step (see Theorem [2.8](#FPar25){ref-type="sec"}, below). Theorem [1.2](#FPar2){ref-type="sec"} allows us to extend this to residually nilpotent groups, and in particular to make the bounds independent of the step of *G* in the case that *G* is nilpotent.

Corollary 1.4 {#FPar6}
-------------

(Freiman-type theorem for residually nilpotent groups) Let *G* be a residually nilpotent group and suppose that *A* is a *K*-approximate subgroup of *G*. Then there is a coset nilprogression $\documentclass[12pt]{minimal}
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Remark {#FPar7}
------

In the case that *G* is abelian the so-called *polynomial Freiman--Ruzsa conjecture* asserts that a *K*-approximate group *A* should be covered by $\documentclass[12pt]{minimal}
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Remark {#FPar8}
------

The abelian case of Corollary [1.4](#FPar6){ref-type="sec"} (stated as Theorem [2.7](#FPar24){ref-type="sec"}, below) is ultimately an ingredient in the proof of Corollary [1.4](#FPar6){ref-type="sec"}. It appears that if one modified the argument of \[[@CR43]\] to optimise the rank of the nilprogression rather than the number of translates required to cover the approximate group, and then applied the arguments of the present paper with the Sanders bounds in Theorem [2.7](#FPar24){ref-type="sec"}, one could swap the bounds on the rank and the number of translates in Corollary [1.4](#FPar6){ref-type="sec"} (thus, the rank of *P* would be at most $\documentclass[12pt]{minimal}
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Remark {#FPar9}
------

Breuillard, Green and Tao's more detailed version \[[@CR10], Theorem 2.12\] of Theorem [1.1](#FPar1){ref-type="sec"} actually gives a bit more qualitative information than Corollary [1.4](#FPar6){ref-type="sec"}. Specifically, the coset nilprogression can be taken to be in $\documentclass[12pt]{minimal}
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*Residually nilpotent groups of bounded exponent* Let us point out a specific setting in which our argument gives stronger bounds than those of Theorem [1.2](#FPar2){ref-type="sec"} and Corollary [1.4](#FPar6){ref-type="sec"}. Ruzsa \[[@CR35]\] famously showed that if *A* is a set of doubling *K* inside an abelian group in which every element has order at most *r*, then *A* is contained inside a genuine subgroup of cardinality at most $\documentclass[12pt]{minimal}
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Theorem 1.5 {#FPar10}
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Let *G* be a residually nilpotent group in which every element has order at most *r*. Suppose that *A* is a *K*-approximate subgroup of *G*. Then *A* can be covered by $\documentclass[12pt]{minimal}
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*A one-scale growth gap for residually nilpotent groups* Let *G* be a group with finite symmetric generating set *S*. A well-known and remarkable theorem of Gromov \[[@CR24]\] states that if $\documentclass[12pt]{minimal}
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                \begin{document}$$|S^n|$$\end{document}$ is bounded by some polynomial in *n* then *G* is virtually nilpotent. There have since been various refinements and strengthenings of this result. Some, such as \[[@CR30], Theorem 7.1\], \[[@CR10], Corollaries 11.2, 11.5 and 11.7\] and \[[@CR13], Theorem 4.1\], were proved using approximate groups; in particular, each of these follows from Theorem [1.1](#FPar1){ref-type="sec"} or variants of it. As one might therefore expect, Theorem [1.2](#FPar2){ref-type="sec"} also yields a refinement of Gromov's theorem in the residually nilpotent case.

Before we present this result, let us note that Shalom and Tao \[[@CR39]\] have already given a refinement of Gromov's theorem in the general case, showing that there exists $\documentclass[12pt]{minimal}
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                \begin{document}$$n\in \mathbb {N}$$\end{document}$ then *G* is virtually nilpotent \[[@CR14], Theorem E2\]. Grigorchuk \[[@CR22]\] proved this first in the case that *G* is residually a *p*-group; a lemma of Lubotzky and Mann \[[@CR31], Lemma 1.7\] then shows that his argument still works under the weaker assumption that *G* is residually nilpotent. It has been suggested that ([1.2](#Equ2){ref-type=""}) could be enough to imply that an *arbitrary* group is virtually nilpotent \[[@CR23]\].

Note that whereas the Grigorchuk--Lubotzky--Mann result requires the bound ([1.2](#Equ2){ref-type=""}) to hold for infinitely many *n* (we call this a 'multi-scale' hypothesis), the Shalom--Tao result requires only that the bound ([1.1](#Equ1){ref-type=""}) hold for a single value of *n* (we call this a 'one-scale' hypothesis). It is not known whether the bound ([1.1](#Equ1){ref-type=""}) can be weakened further at the expense of reverting to a multi-scale hypothesis.

The following corollary of Theorem [1.2](#FPar2){ref-type="sec"} shows that in the class of residually nilpotent groups one has Gromov's theorem under a one-scale hypothesis with a slightly weaker bound than ([1.1](#Equ1){ref-type=""}), and goes via a completely different argument to those of Grigorchuk, Lubotzky--Mann and Shalom--Tao.

Corollary 1.6 {#FPar11}
-------------
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Remark {#FPar12}
------

As in Remark [1.3](#FPar5){ref-type="sec"}, Corollary [1.6](#FPar11){ref-type="sec"} implies a growth-gap result for linear groups. Specifically, Corollary [1.6](#FPar11){ref-type="sec"} holds with the same constant *c* when *G* is a linear group, provided *n* is large enough in terms of the dimension of *G* and the ring generated by the matrix entries of a generating set for *G*. However, much stronger results should be available using the uniform Tits alternative (see the papers \[[@CR2], [@CR3]\] of Breuillard and \[[@CR4]\] of Breuillard--Gelander) and uniform exponential growth for soluble groups (see the paper \[[@CR1]\] of Breuillard), and so we omit the details.

*Outline of the paper* In Sect. [2](#Sec2){ref-type="sec"} we review the necessary background material on approximate groups. In Sect. [3](#Sec3){ref-type="sec"} we prove a preliminary structure theorem for nilpotent approximate groups, which is essentially the argument of \[[@CR11]\] adapted to deal with the possibility of finite subgroups. We also deduce Theorem [1.5](#FPar10){ref-type="sec"} in the specific case that *G* is nilpotent. In Sect. [4](#Sec4){ref-type="sec"} we prove a structure theorem for an approximate subgroup of a nilpotent group *G* that surjects onto the quotient *G* / *Z*(*G*), and then in Sect. [5](#Sec5){ref-type="sec"} we combine everything to prove Theorem [1.2](#FPar2){ref-type="sec"} in the case that *G* is nilpotent. In Sect. [6](#Sec6){ref-type="sec"} we deduce the general statements of Theorems [1.2](#FPar2){ref-type="sec"} and [1.5](#FPar10){ref-type="sec"} from their respective nilpotent versions, as well as proving Corollary [1.4](#FPar6){ref-type="sec"}. Finally, in Sect. [7](#Sec7){ref-type="sec"} we prove Corollary [1.6](#FPar11){ref-type="sec"}.

Background on approximate groups {#Sec2}
================================

In this section we collect together various basic facts about approximate groups. We start with a simple but powerful combinatorial lemma, based on an earlier result of Gleason \[[@CR18], Lemma 1\]. This is a key tool in the nilpotent Freiman dimension argument of Breuillard, Green and Tao \[[@CR11]\], where it essentially allows the authors to bound the dimension of a torsion-free nilpotent *K*-approximate group in terms of *K*. Since the dimension also bounds the step, this is sufficient to imply Theorem [1.2](#FPar2){ref-type="sec"} in this case.

Lemma 2.1 {#FPar13}
---------

Let *A* be a finite symmetric subset of a group and let $\documentclass[12pt]{minimal}
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Proof {#FPar14}
-----
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The following standard lemma may be found in \[[@CR43], Lemma 2.10\], for example.

Lemma 2.2 {#FPar15}
---------

Let *G* be a group with a subgroup *H*, and suppose that *A* is a *K*-approximate subgroup of *G*. Let $\documentclass[12pt]{minimal}
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Lemma 2.3 {#FPar16}
---------

Let *G* be a group and *H* a subgroup. Suppose that *A* is a finite symmetric subset of *G*. Then $\documentclass[12pt]{minimal}
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Proof {#FPar17}
-----

This is essentially \[[@CR11], Lemma 2.2 (i)\]. Let $\documentclass[12pt]{minimal}
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Corollary 2.4 {#FPar18}
-------------

Let *G* be a group, let *A* be a *K*-approximate subgroup, and let *H* be a subgroup such that $\documentclass[12pt]{minimal}
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Proof {#FPar19}
-----

This observation is made in the proof of \[[@CR11], Theorem 1.1\]. The upper bound of Lemma [2.3](#FPar16){ref-type="sec"}, the approximate group property and the hypothesis of the corollary imply that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|A^2\cap H||AH/H|\le K^2|A|\le K^2K'|A^2\cap H|$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma 2.5 {#FPar20}
---------

Let *A* be a finite symmetric set in a group, and let *H* be a subgroup such that $\documentclass[12pt]{minimal}
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Proof {#FPar21}
-----

This is essentially found in the proof of \[[@CR11], Proposition 4.1\]. First note that the sets *aH* with $\documentclass[12pt]{minimal}
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The next result is another key lemma from the Breuillard--Green--Tao nilpotent Freiman dimension argument \[[@CR11]\], where it allows the authors to locate an element in an approximate group with a large centraliser, which is in turn a key ingredient in finding a large nilpotent piece of that approximate group. It is also somewhat reminiscent of \[[@CR27], Proposition 4.1\].

Lemma 2.6 {#FPar22}
---------

Let *A* be a *K*-approximate subgroup of a group *G*, and let $\documentclass[12pt]{minimal}
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Proof {#FPar23}
-----

This is essentially found in the proof of \[[@CR11], Proposition 4.1\]. For each $\documentclass[12pt]{minimal}
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Theorem 2.7 {#FPar24}
-----------

(Green--Ruzsa \[[@CR21]\]) Suppose that *A* is a *K*-approximate subgroup of an abelian group. Then there exist a subgroup $\documentclass[12pt]{minimal}
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Theorem 2.8 {#FPar25}
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Proof {#FPar26}
-----
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A preliminary structure theorem for nilpotent approximate groups {#Sec3}
================================================================

The strategy of Breuillard, Green and Tao's nilpotent Freiman dimension argument \[[@CR11]\] is roughly as follows. Given a *K*-approximate subgroup *A* of a torsion-free nilpotent group *G*, they seek a large piece of *A* that is nilpotent of bounded step. They first use Lemma [2.6](#FPar22){ref-type="sec"} to locate an element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1\in A$$\end{document}$ with a large centraliser; passing to a group of bounded index, they can in fact assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1$$\end{document}$ is central. Writing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_1$$\end{document}$ for the largest cyclic subgroup containing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1$$\end{document}$, they then pass to the quotient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G/H_1$$\end{document}$, which is automatically torsion-free, and repeat, producing a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _1,\gamma _2,\ldots ,\gamma _k$$\end{document}$.

Writing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_i=\langle \gamma _1,\ldots ,\gamma _i\rangle $$\end{document}$, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G/H_{i-1}$$\end{document}$ is torsion-free and *A* is finite, each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _i$$\end{document}$ has a power that is not contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^2$$\end{document}$ modulo $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_i$$\end{document}$. This element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _i$$\end{document}$ therefore contributes to the doubling of *A* in the sense of Lemma [2.1](#FPar13){ref-type="sec"}, and so that lemma implies that the number of elements $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _i$$\end{document}$ this process produces is bounded in terms of *K*. In particular, this process gives a central series of bounded length that contains a large piece of *A*, and this piece is therefore of bounded step.

In the setting of the present paper, the fact that *G* may have torsion means we cannot assume in the same way that $\documentclass[12pt]{minimal}
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Proposition 3.1 {#FPar27}
---------------
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Fig. 1Illustration of Proposition [3.1](#FPar27){ref-type="sec"}

The subgroups and inclusions given by this proposition are illustrated in Fig. [1](#Fig1){ref-type="fig"}. The key output to note is the normal series$$\documentclass[12pt]{minimal}
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We start our proof of Proposition [3.1](#FPar27){ref-type="sec"} with the following lemma.

Lemma 3.2 {#FPar28}
---------
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Proof {#FPar29}
-----
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Proof of Proposition 3.1 {#FPar30}
------------------------
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Central extensions of nilpotent approximate groups {#Sec4}
==================================================
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Proposition 4.1 {#FPar32}
---------------

Let *G* be a finitely generated nilpotent group, and let *A* be a *K*-approximate subgroup such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=A\cdot Z(G)$$\end{document}$. Then there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\le K^8$$\end{document}$, and normal subgroups $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{1\}=H_0\subseteq H_1\subseteq \cdots \subseteq H_k\subseteq [G,G]$$\end{document}$ of *G* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_i\subseteq A^8H_{i-1}$$\end{document}$, and such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[G,G]\subseteq A^4H_k$$\end{document}$. In particular, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[G,G]\subseteq A^{8K^8+4}$$\end{document}$.

Remark 4.2 {#FPar33}
----------
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Throughout this section, *G* is a finitely generated nilpotent group and *A* is a *K*-approximate subgroup such that $\documentclass[12pt]{minimal}
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Lemma 4.3 {#FPar34}
---------
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Proof {#FPar35}
-----
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Lemma 4.4 {#FPar36}
---------
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Proof {#FPar37}
-----
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Lemma 4.5 {#FPar38}
---------
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-----
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Proof of Proposition 4.1 {#FPar40}
------------------------

It follows from repeated application of Lemma [4.5](#FPar38){ref-type="sec"} that there exist $\documentclass[12pt]{minimal}
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Nilpotent groups {#Sec5}
================

In this section we prove Theorem [1.2](#FPar2){ref-type="sec"} under the assumption that *G* is nilpotent. In fact, we prove the following slightly more detailed result, which includes some additional conclusions that are of use when generalising to the residually nilpotent setting.

Proposition 5.1 {#FPar41}
---------------

(Nilpotent case of Theorem [1.2](#FPar2){ref-type="sec"}) Let *G* be a nilpotent group and suppose that *A* is a *K*-approximate subgroup of *G*. Then there exist subgroups $\documentclass[12pt]{minimal}
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We use the following special case of a lemma of Guralnick \[[@CR25]\].

Lemma 5.2 {#FPar42}
---------

(\[[@CR25], Lemma 3.1\]) Let *G* be a group, and let *D* be an abelian normal subgroup of *G* such that $\documentclass[12pt]{minimal}
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Proof of Proposition 5.1 {#FPar43}
------------------------
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Residually nilpotent groups {#Sec6}
===========================
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It will be convenient first to note that being residually nilpotent is in fact equivalent to an apparently slightly stronger condition, as follows.

Lemma 6.1 {#FPar44}
---------
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Proof {#FPar45}
-----
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Proof of Corollary 1.6 {#FPar51}
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